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CO?EPFESSIBTLITY EFFECTS ON HEAT TRANSFER AND

PEESSURE DROP IN SMOOTH CYLINDRICAL ~JBES

Ey Jack 17.Nielsen

The he:lttransfer &ridpressuqe dron far the ~low of
air in smooth cy14.ndrical tu~es ma~ be calcul~ted wltP.-
out difficulty only wnen ths density c}mr..gestkat cm-
company tb~echanges of t.cmper=ture and ~ress-.n?eare
relatively sm~ll. In th PreS5flt pa~er En attempt iS
made to cmalyze flew witk lurge derlcity caan.ges, such
a~ occur et high ?q&chnumb3rs, In order to stmpl?!fythe
calculation 01 such flow and tn provide a busls far the
correlation of data.

The analysis d.eoends on the %ulldtty of F?etimmZds~
analogy between heat transfer End slrinfriction, wb.lch
leads to the equalit~ of the b~at-transfer and s%ln-
frictlon coefficients. .Eymerns of this simplification
the equation of nmtinn cm be solv~df~r the nonadiabatic
case and the stagnation-te~,persture variation silong the
tube can then be obtained ac a function of t}leMach
number; the solutlon 1s piven in the form of a chart.
The adiabatic case, a li~itln~ form of the lmnadiabatic
case, 1s also analyzed in s~me detail and the solutjnn
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for the pressure vtiriati.on Is given In graphical form.
Some discuss~.on is included of available ex?cri~ente.1
data (references 1 to 3) in order to evnluate. the &.c-
suinptinns that sr~ made hereiu and the appllcaiility
of the soluttcns.
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foot-poundsgas constant,5
SIWS x ‘F

also tube radius, feet

3

(about 1716 for air) ; .

mechanical equivalent of heat (778 foot-pounds
Mu)

snecific heat at constant pressure, Btu

slugs x ‘F

ratio of s~eclfic heats (taken as 1.LO,!+for G1l
figures)

wall terqerature, ‘F + ~i60

dtstance frm t-~heax?3, f?et

constant

of

per

~ubscr~pts:

c tube center

o initial

1 before shock

2 after shosk

s st~.gnatlon

A single bar over a s~bal denotes an average with
respect to cmss-sectirmval area; a d~l-lblebar denotes
an average with respect to crsss-sect.lonal men with
~ as weightflng fnctor.
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l%EZliOLDS~ ANALOGY

l?eynold.s~ analob~ b3tween heat transfer a.ldskin
frict+-on involve~ a s~milarjty Of velocit~ findtep~;Ta-
turs fields. F9r steady law-s?et’dflow of ~lr aior:~u
flat plete, the velosit~ and tmperat~u-e f~-eldstire
given b3 the slr!nlifiet boundary-layer equation3

arfi

!1)

—
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Reynolds 1 anrlogy may be dlrectl~ extended to low-
speed turbulent. fl-ow-of,air in .tubes if the effects on
the velocity profile of the pressure gradients dlleto
s’kinfriction and of the density gradients due to heat
transfer may be disregarded. This assumption is
justified by the gGod expe~imental a~reenent of the
lov-speed sldn-friction and heat-transfer data 1~~refer-
ence ~ wjth qeynolds~ nn6102y.

(:)
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,1,=4%+,=0
——. -—.
Puc=(q . qe)Vi G

A.\(v%).+
Cr= —= “— (5)
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up to t~e speed of sound and is given by the von X<-”r.-
Nlkuradse relationship ‘“–- -._,, ----

1—=

F
-0.S + 2 log Re &

CF

(7)

In computing the Reynolds nu~her for the flow In a tube,
the averege air temperature m~y bs used for evaluating
the vi3ccsity.

The differential eq~~atlnnof motion for unfforr
pressure at every cross section is
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The varfable X2 5s allmlnated by introducing the
average squared Mach number

1 ‘-’=-
A Jf)
-2r,-

--- L!t-
‘(-p

xh!.cli.gtvea

fluid;

Cr..

that la,
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. .

p2 is ex~res3ecl as

. . . . .—



velocity profiles are given by the ~- and # -profiles,
since

and

—— — — ———
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and for the corresponding similar stagnation-temperature
profile, givenby~,,, ..,-,. ,,,.. . .

The evaluatlm of K Introduces no particular mathe-
matical difficulties but 1s tedious. Tflevalues are

plot~ed in figure 1 against F:2 for several vel
of CL Trom figure 1 the variation of YT with M “
aad T IS seen to be second order cmd wI1l be neglected.
The variation of K f’ramthe valms of f’lggre 1 far a
full~ develoned velocity prai’ile to F vnlue 9f unity for
a ~lane velocity aroflle is mall: th.ercf’creK Will
hereafter be t&l~ei~ cmatcrt 1,.tmit::. Takin: 7 con-
star.tis equlv61ent to ns:.~milq:one-dimensio.lsl fl:m’,

z and
T2 are S4~Li

where i’:csnta-:era:;es.

or, In differm.tial lorl~,

Finally, introducing eqllation ~lh) ~n eqllati>n (11)
gives the desired d~.ffereritialeqaation of moticn in
=
6 @.nd 7, which is

—
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Equation (15) may be rega~~ci as a differential
form of the equation of motion when ths cmditiona of
Reynolds! analo~~ are fulfilled. Solutions wera
obtained by the ?.socl?.netechnj.quebecause a closed
solution was not found. The resulting curves a~o shown
in fl~ure 2. The lower family of curves, for c < 1,
corresponds t~ heating of the fluid; the upper family of
curves, for =z >1, corresponds to ~oaltng of the i’luid.
If ~>1, c decreases along tkle tube;alld, if ~ < 1,

~ lncreas9s along the tube. For ~~~bso~-iceptr9nce
:’achnurbers, tb.e lo~al t:achr.um’~erIncreases v“ithtube
ler@k to the llmltin~ v~luciof unity nqd, for sw]ersonlc
entrance ?.!achnumbers, the local I“ach nuvber decr6&ses
wtth tube length t~ the l.imltinj value of un~ty, in
order ths~ a 991ut.i9nTGSS Cotltinucm’.y tkrbu~h !3 ;V13C’CI

nurfoer cf un~ty, the valuo cif c
n

M9111d have to incrcace
for the upper se+.cf curves, far ~’-hichtha fluid is
already hotter thar-the wal”:, and would have ta decr~ase
for the lower set of ,curves,fop ~hich the fl~:ld IS
alread~,colder th%n tne wail.. ;wsmch as sncb chsmgss
are ccmt.ra.ryto the sezen5 law ot thermodynamics, tha
local ?~achnurb:>r ray ~~ct~tiss sontfnuousl;’ throu@
unity.
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J
2
....-..d= d@?)l/2 “

1/2
1 d@)

as given by equation (15),“equaled the difference Ir,
ordinates between the two pair.ts cm the curve..

By equation (13), with K constant,

1/2
(16)

In order t~ simolify pressure-drop calculations, lines
of constant

have been plotted tn fiLyme 3(R) and desl~~-,atedlines of
constant relative ~reqsurea Tn making a !Irescura-drop
calculation, the value of this expression for the f~nal
condition is divided by the value for tho initial con-
dl.tlonto ~ive ??/?(-j“ A r~sum~ ~f the ~r~cdure follows.

The value of 70 for the Ifiitlalpaint is found
from ths values of the tube-wall tom~erature Tw and
the initial stagnation temperature Ts, which either

()
172

are known or may be m.eesurcd. The value of *?

for the init~.al point is calculated frmn equation (15)
for values of G, Tw, and To, which either are known
or may be measured. Ths values of ZO and
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*7 1/2() locate the initial point in figure 3. The final

p&t Is located by following the curve of the solution
=

through point ~oJ ()M:2 1’2 to the final value of ~.

This value of ~ is obtained from an integration of eq-~a-
tion (10) by assuming

CH
constant at its average value;

thus ,

(17)

The values of CH for fully cieveloped turbuient flow in

smooth tubes, as given by eq~latian (7), are plottsd in
figure L. For the entrw.ce len~th of a tube jr,w121.s]:the
velocity profile is changing, the value of C.. ~a~ies

.:
along the tube and depends on the entrance conEitjons.
which detemine the initic.1velocitT profile. If experi-

mental values of Cw for specific entrance conditims
4.

are nat available, the value of ~= given by fi~ure ~
J-i

may be used as t?.aav9rage value for the tube with the
interpretation that this value will be slightly 10V.
Finally, for the inttial and final points now located in
figure 3 the initial and final values of’

are determined with the help of the lines of constant
relative gressure, and the pressure rat~.o ~/?(, ifi
calculated by equation (16).

As an exam:~le, sUppose tj,efollow!rl~ vaiues are
known :



NACA Al?RNoa ~c16

=
eo =0”50 Re = 105

G = 1.0 L-=60
D

Tw = 760° F tabs. p. = 2070 lb/sq ft

Equation (13) gives

~ ( )1+ CJ7=O”5 XfI)2X 1716 x 760
2 I,L.o!~X(2070)2

The values of

1/2

and

15

1/2=
c

( il.as given by the llne3 of’ constant
—2M1+L2 ?

2



relative pressure ar~ 2.1)~ and 1.66, respectively;
therefore

—
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obtained frou e.qu~tim (15) by letting ~ = 1. The as-
...... ... ..

sumptlon th”u”t- i =“’1 is bdS6d m the exjetiifiental’
observation that for adiabaclc flow of &ir the tube
wall is uniformly at stsgnatlcn tempe~ature. Further,
equation (3) for the stagnation-temperature field js
In accord wtth this observntflon, since the particular
solut?on

“ correspor.ds to na k.eattransf’e~.

T4 -cF
(3”

~02

The inteCral Is retctned in the solution bcom~se
CF

.

I
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Equation (W), the snlution of
motion for adla’~atic frictior. flow,

urea 6fa) and 6(b) f~r two sub~aric

W-e 3f31utions are qualit~tively Iiks those for



The conclusions of refe~%nces 2 and 3 for the effect
of compressibility. Qn CF ct supersonic speeds are not
in agr9ement. No effect of ??cchnmnbar on ‘F was folnd
in reference 2 for tubes of TJ/D~ 25. Reference 3 found

a decrease In CF with ?Lachnumber for tu3es of L/l>< ~~6

on the basis of date taken ‘ae;”ondelief~ective r,ozzl.e-
pipe T~/D ~f about 35 hccause of severe pressure fluctua-
tions and Dassible var!atjon of velocity pr~f?le in the
entrance lenqth. ~urtner exncr?mant ma,yhe necessary to
isolete the ~mpr~cslhlllty effect md entrance effect
on CF icr ,super50nic f].cw.
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a nressire d?-~turbcnce i9
not,b3 e~-aluatcd.

(2’2)
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data, plotted in terms of G/Gt ~~ P/P~ J
the foll~wl~-ralatti~ hip: .

21

by means of

(21)

where G~ ts the isentropic Piass flow per Unit area in

ytl— .-

1 11 n nnnmmm ■■ m mmm--———m a
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squared Pfoch number, M 2

1Figure 1.- Values of K from equation (13) for —-power
7velocity and stagnation-temperature profiles.
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,

Fig. 2

.

Figure 2.- General isocline solution of equation (15) for
nonadiabatic friction flow in tubes at uniform wall
temperature. (Experimental data from reference 1. )

.,. .,,,,... . . ,,, .,.,,. — —.
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(a) Subsonic heating.

Figure 3.- Isocline solution of equation (15) for air in
a tube at uniform wall temperature.
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Fig. Zb
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II

(b) Subsonic cooling.

Figure 3.- Concluded.

.
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Figure 4.- Von K~rrn6n-Nikuradserelationship between
Reynolds number and skin-friction coefficient for flow
in smooth tubes.

.
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( “)
1/2

Figure 5.- ~2 z
Curves for constant

Y-
lt~

1 F2

to be used with figure 3 for pressure-drop calculations.

I .
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(a) Low range of subsonic entrance Mach numbers.

Figure 6.- Plot of equation (181 for adiabatic flow
in smooth tubes.



NACA ARR No.. L4C16 Fig. 6b

./2

,,,,.
.//

./0

.09

.08

w)
,05

.04

.03

.02

.u/

o

.73

[
\

/\ \
\

/ I \ A - \

.85 /
b ‘\ \

\

\

P
~

/ \

\ \

\

\

\
\

I /
. o\ \

\ / v \ \
\

(/ \-----
I i

/ \[ \
\

.95 \
1

\ /’ !/ L * ‘ \\
\ \

\
\

(b) High range of subsonic entrance Mach numbers.

Figure 6.- Continued.
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Figure 6.- Concluded.
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Figure 7.- Comparison of equation (18) with experimental data from reference 3.
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Figure i3.- Comparison of equation (20) with experimental data
from reference 2.
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